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Abstract

This paper theoretically analyzes thermally controlled bubble collapse in binary solutions. Using a ®nite di�erence
approach with an adaptive grid, three aspects of bubble collapse are investigated: counter-di�usion, initial bubble
diameter, and absorber cooling rate. Results illustrate how counter-di�usion of the absorbent, acting to preserve the

bubble life span, is o�set by convective mass transfer arising from bubble interface motion. Predicted bubble mass
transfer rates for an ammonia water system increase with the square of the bubble radius (diameters: 1.8±5.6 mm)
and with increased absorber cooling rates. Model predictions compare well with simple semi-empirical correlations
for bubble heat and mass transfer coe�cients. 7 2000 Elsevier Science Ltd. All rights reserved.

1. Introduction

Today's absorption chiller manufacturers continue

to use physically large shell and tube absorbers con-
ceived decades ago. To improve absorption chiller
competitiveness relative to its sibling technology, the

vapor compression chiller, new methods for absorber
size and cost reduction are being researched. One such
method is bubble absorption. Bubble absorbers pro-

vide an e�ective way to place absorbent vapor into
direct and intimate contact with the absorbate liquid.
This paper presents a theoretical analysis of a single

bubble absorbed into a subcooled binary liquid sol-
ution. While the equations presented are general in
nature, the components used for this study are ammo-
nia and water Ð a typical binary mixture used in

absorption cycles.
There has been extensive work on bubble dynamics.

Bubble ¯uid dynamics research conducted over 30

years back by Levich [1], Chao [2], and Moore [3] cor-

rectly predicted the liquid velocity ®eld surrounding a

rising bubble. Pure heat transfer studies with no mass

transfer and pure mass transfer studies with no heat

transfer are also plentiful. In particular, Azbel [4] and

Florsheutz and Chao [5] provide detailed theoretical

and experimental information regarding single-mode

transfer cases (pure heat or mass transfer).

However, there is comparatively little information

available on coupled heat and mass transfer involving

dispersed bubbles in liquids. Elperin and Fominykh [6]

have recently presented a cell model for multiple

stationary bubbles in non-isothermal absorption. In

falling ®lms, coupled heat and mass transfer has been

studied by numerous researchers [7±11]. Ruh and

Smith [12] have theoretically studied the e�ect of coun-

ter-di�usion on gas-side mass transfer resistance in a

stirred tank reactor.

The objective of this paper is to provide a detailed

description of a binary bubble undergoing absorption

within a subcooled binary liquid. It will address the

following questions:

1. Looking at average transport variables such as the

average bubble heat and mass transfer coe�cients,
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how does the proposed model compare with existing

semi-empirical correlations?

2. How does each component within a binary bubble

behave as a bubble undergoes absorption into a

binary liquid solution? In particular, how does the

bubble react to the counter-di�usion of the ab-

sorbate?

3. How does initial bubble size and liquid ¯ow ®eld

temperature gradient in¯uence bubble collapse?

Following the problem formulation, including simplify-

ing assumptions, the mathematical problem is forged.

Having arranged the governing coupled partial di�er-

ential equations with their required boundary and in-

itial conditions, the numerical solution approach is

brie¯y outlined. A benchmark model solution for heat

and mass transfer about a collapsing bubble is then

presented. Additional model solutions form a para-

metric study of the e�ects of the initial bubble diam-

eter and the absorber cooling rate on bubble collapse.

A direct comparison of model predictions with single

bubble experimental data is not presented.

Nomenclature

a bubble radius (m)
cp speci®c heat (J/kg/K)
Dij general binary di�usivity coe�cient (m2/s)

de bubble diameter (m)
DAB binary di�usivity coe�cient of ammonia

in water (m2/s)

DBA binary di�usivity coe�cient of water in
ammonia (m2/s)

habs heat of vaporization and dilution (J/kg)

hfg heat of vaporization
�hm mass transfer coe�cient (m/s)
�h heat transfer coe�cient (W/m2/K)
hf, I liquid enthalpy of a component evaluated

at the interface temperature (J/kg)
hv vapor enthalpy (J/kg)
hl liquid enthalpy (J/kg)

i tangential position
j radial position
k thermal conductivity (W/m/K)

mbub bubble mass (kg)
Nu bubble Nusselt number, �hde=k
P pressure (kPa)

Pe heat transfer PeÂ clet number, Utde=k
Pem mass transfer PeÂ clet number, Utde=Dij

Pemesh heat transfer mesh PeÂ clet number, urDr=k
Pemesh, m mass transfer mesh PeÂ clet number,

urDr=Dij

Pr Prandtl number, n=k
Re Reynolds Number, Utde=n
r radial coordinate (m)
Sc Schmidt Number, n=Dij

Sh average Sherwood number, �hmde=Dij

T temperature (8C or K)
t time (s)
u velocity (m/s)
Ut bubble terminal velocity (m/s)

v velocity component normal to an interface
(m/s)

z coordinate in the direction of the bubble

ascent (m)

Greek symbols
G a general nondimensional term, i.e. the

Peclet number

k thermal di�usivity (m2/s)
n kinematic viscosity (m2/s)
y spherical-polar angle, measured from the

forward stagnation point (degrees)
r mass concentration (kg/m3)
f nondimensional general scalar variable or

velocity potential function (m2/s)
c stream function (m3/s)
o mass fraction
8 for all

Superscripts

� nondimensional or local transfer coe�-
cient

� time derivative

± average

Subscripts
A ammonia
B water
f liquid

� far-®eld
g gas or vapor
i initial or theta location

itf interface
j radial location
l liquid

n normal direction
p constant pressure
r radial direction or relative
t terminal

v vapor
y theta direction or dependent on the theta

location
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2. Analysis

Fig. 1 illustrates the initial multi-phase ¯ow regime
within a bubble absorber. Bubbles are injected into a
binary liquid mixture through a multi-port injector. As

the bubbles rise, the solution around it is subcooled by
counter-current ¯owing coolant. The heat removed is
the heat of absorption, which includes the heat of con-

densation and dilution. The absorption of numerous
bubbles gradually raises the ammonia concentration in
the liquid solution. Without the coolant, mass transfer

would cease, the liquid concentration change would be
inadequate, and the absorption cycle would stop.
Fig. 2 shows the model control volume and the ®xed

coordinate system at the bubble center of mass Ð a

Lagrangian approach. True bubble absorption is com-
plex, involving interacting bubbles swarms inside a tur-
bulent liquid ¯ow ®eld. To make a solution tractable,

several key assumptions were needed. These assump-
tions are shown in Table 1, organized in terms of the
dispersed media, vapor, the continuous media, liquid,

and the vapor±liquid interface [13,14].

2.1. Liquid ¯ow ®eld surrounding the bubble

The no-slip boundary condition can be relaxed at
the bubble vapor±liquid interface, and in 1966, Wittke
[15] described the ¯ow ®eld about a bubble that is

translating and either collapsing or growing in size.
The radial and tangential components of the liquid
surrounding the bubble may be described as

ur � ÿ@f
@r
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r 2 sin y
@c
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where Ut is the terminal velocity of the bubble at var-
ious stages during bubble ascent. From a Lagrangian
frame of reference, Ut can also be considered the

approach velocity of the subcooled binary liquid. The
term _a represents the rate at which the bubble interface
changes with time.

2.2. Governing conservation equations and boundary
conditions

After making the boundary layer assumption that
the gradient of mass fraction in the radial direction is
signi®cantly larger than that in the tangential direction,

the mass fraction of ammonia �o� in the subcooled
liquid surrounding the bubble responds to the follow-
ing non-dimensional conservation equation:
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where the asterisks indicating a non-dimensional vari-
able have been dropped.
Non-dimensional terms in Eq. (3) are de®ned in the

following manner:

o� � o�r, y, t�
oi

, u�r �
ur

Ut�t� , u�y �
uy

Ut�t� ,

r� � r

a�t� , and t� � Ut�t�t
a�t� :

�4�

Fig. 2. Model control volume and ®xed coordinate system at

the bubble center of mass.

Fig. 1. Typical bubble absorption multi-phase ¯ow ®eld at an

injection site.
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With the identical boundary layer assumption, the con-
servation of energy equation for the subcooled liquid

surrounding a collapsing bubble takes on a similar
form (asterisks have been dropped):
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where the non-dimensional temperature is

T � � T�r, y, t�
Ti

: �6�

To solve these equations under the assumptions made
in Table 1, two sets of boundary conditions were

established. The ®rst set of boundary conditions
address initial values, far-®eld values, and axisym-
metric values; the second set address the bubble inter-

face: conservation of mass, conservation of energy,
and equilibrium.
In the ®rst set of boundary conditions, at time equal

to 0 in the liquid surrounding the bubble, the following

initial conditions were adopted

at t � 0, T � Ti and o � oi 8 y and r �7�
At time greater than zero, far from the bubble inter-
face, the liquid temperature ®eld surrounding the

bubble continually changes but the liquid concen-
tration ®eld surrounding the single bubble remains
relatively unchanged:

for t > 0, as r41, T � Tff�z�, 8 y �8�
and

for t > 0, as r41,
@o
@r
40, 8 y: �9�

The far-®eld temperature pro®le, Tff�z�, is based on ex-

perimental data, where thermocouples were located
along the length of 0.8 m long bubble absorber [16].

With the assumption of axisymmetric ¯ow, the fol-
lowing boundary condition is established

for t > 0, for rra, y � 0 or p,
@T

@y
� @o
@y
� 0: �10�

In the second set of boundary conditions, conservation
of mass at the bubble interface leads to a rede®nition
of the liquid radial velocity at the interface

ur � _a

�
1ÿ rv

r1

�
, �11�

that leads to a change in the radial velocity de®ned in
Eq. (1)
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Examining the energy balance boundary condition at
the bubble interface, requires an understanding of the

mass balances for each component at the interface:
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�
, �14�

where the vapor mass ¯ux is balanced by the liquid
mass ¯ux. In single component bubble collapse, such
as the condensation of a water vapor bubble, the

energy balance at the bubble interface can be written
simply as

Table 1

Bubble collapse model assumptions

Category Description

Vapor Shape: throughout collapse, the bubble shape is spherical and without surface oscillations. The Weber number is

equal to 3.4. Flow: inside the bubble, complete circulation is assumed and the temperature and mass fraction

®elds are considered well mixed and lumped. Pressure: the vapor and liquid pressures are indential throughout

collapse. Temperature: from a lumped parameter analysis, it is reasonable to assume that the inlet vapor

temperature quickly rises to the vapor±liquid interface temperature.

Liquid Flow: the velocity ®eld can be described as a laminar axisymmetric irrotational ¯ow altered by the radial velocity

induced by bubble collapse. The temperature ®eld, the mass fraction ®eld, and the velocity ®eld do not in¯uence

each other; the Dufour and Soret e�ects are negligible. Pressure: no variation in pressure with vertical height.

Inertial e�ects of the liquid are negligible. Bubble absorber wall e�ects on the liquid are ignored.

Interface Vapor±liquid equilibrium is assumed. Resistance: there is no interfacial resistance due to surfactants. There are

no chemical reactions. Heat and mass transfer during injection are ignored. Surface tension e�ects only act to

maintain bubble shape.
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where the heat of condensation released at the inter-

face is balanced by the heat removed through conduc-
tion. If we integrate (15) about the bubble surface and
solve for the, Ça

_a � k

2rvhfg

��
@T
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�a, y, t�

�
sin y d y at r � a, �16�

we can reveal how single component bubble collapse is
a�ected by di�erent parameters [15]. If we follow simi-

lar steps for the problem examined in this paper, the
conservation of energy at the bubble interface for this
problem leads to the following equation:�
ÿ rDAB
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where the liquid and vapor kinetic energy, the conduc-
tion into the vapor phase, and the work against vis-
cous forces were all ignored. In Eq. (17), the heat of

vaporization and dilution for each component is evalu-
ated at the interface conditions, namely its temperature
and concentration. The heat of absorption is deter-

mined from Eq. (18) [17]

habs � hv ÿ hl ÿ �ov ÿ ol �
�
@hl

@ol

�
p

�18�

where hv and hl represent the coexisting vapor and
liquid states and the partial derivative represents the
partial mass enthalpy. If we integrate Eq. (17) about

the surface of the bubble, the rate of change of the
bubble radius can be expressed as

_a � 1

2rv
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The assumption of vapor±liquid equilibrium at the
bubble interface is the ®nal boundary condition:

oitf � f�Titf , P�: �20�

The velocity equations (2) and (12) together with the

governing conservation equations (3) and (5) with the
required boundary and initial conditions equations

(7)±(10), (17), and (20) form the complete mathemat-
ical problem.
Properties used in this model are taken from two

sources: Jain and Gable [18] for ammonia±water mix-
tures and Daubert et al. [19] for pure substances.

2.3. Numerical solution

Solving this bubble absorption problem is not
straightforward; it is an unsteady, two-dimensional,

moving boundary/phase change problem. While a
closed-form analytical solution is not known, there are
numerical solution tools. The application of ®nite

di�erence techniques to boundary layer partial di�er-
ential equations, like (3) and (5), is well understood
(Chapter 7 of [20]). When the time derivative is ap-

proximated by forward di�erencing or backward dif-
ferencing and the spatial derivatives are approximated
by central di�erencing, ®rst-order accuracy in time and
second-order accuracy in space is achieved. A fully im-

plicit technique was chosen for two reasons: (1) fully
implicit techniques are unconditionally stable, lacking
constraints on choices of time step, Dt, or grid spacing,

Dr, and Dy and (2) fully implicit techniques have been
proven e�ective for solving a wide range of transport
problems.

With boundary layer ®nite di�erence approxi-
mations, where � @@ r � @

@ y �, the order of approximation
in the streamwise direction can be reduced from sec-

ond to ®rst, (p. 363 of [20]). As a result, the implicit
®nite di�erence method creates a tridiagonal system of
algebraic equations, allowing the implementation of
the Thomas algorithm (p. 457 of [21]). The governing

equations can be discretized to obtain algebraic
equations of the form:
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The overall accuracy of this ®nite di�erence equation
is O�Dt, Dy, Dr 2� [14], where f equals the nondimen-

sional concentration or nondimensional temperature.
Since the problem posed in this study involves phase

change and a moving boundary condition, two ad hoc
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methods are necessary to obtain a reasonable solution.
First, the moving boundary can make convection

dominant over di�usion in the radial direction. As a
result, central di�erencing leads to coe�cient matrices
that are not diagonally dominant, which in turn leads

to unstable Thomas Algorithm solutions [22,23]. To
address this problem, a mesh PeÂ clet number, Pemesh, is
used to assign weighted central and upwinding di�er-

ences (p. 345 of [20,24]). The mesh PeÂ clet number is
calculated with a characteristic length equal to the
spacing between consecutive j values and a character-

istic velocity equal to the radial velocity, which
coincides with the direction of dominant di�usion. For
example, the radial convection term in the conserva-
tion equations, in the case where the radial velocity, ur,

is positive, may be expressed as:

ur
@f
@ r
�
�
Pe�mesh

Pe�mesh

�
unr�i, j�

fn�1
i, j�1 ÿ fn�1
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2Dr
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i, j ÿ fn�1

i, jÿ1
Dr

,

�22�

where Pe�mesh is the critical mesh PeÂ clet number equal
to 2 (p. 344 [20]). Second, an adaptive computational

grid must be employed to handle the moving liquid±
vapor interface. At each new time step, the compu-
tational grid is adapted for each new bubble diameter.

Once a new bubble radius is calculated at the new time
step, the solution method steps in time by assigning
node values based on the previous grid at the nth time
level to the newly generated grid at the n� 1 time

level.
Two validation exercises were done to test the model

before running it for the actual problem described

here: (1) pure mass di�usion from a solid sphere ([25]
pp. 69 and 70) and (2) convective±di�usive heat and
mass transfer from a translating ¯uid sphere [26]. In

each test, when comparing heat or mass transfer, this
®nite di�erence model matched the analytical solution
to within23% [14].

3. Results and discussion

The following paragraphs will describe in detail, the
collapse of a binary bubble enclosed within a sub-
cooled binary liquid solution. The ®rst series of results

are based on conditions shown in Table 2. These con-
ditions represent typical testing conditions for a bubble
absorber the author has examined [16]. The absorber

was made of steel tubing with a 3.6 cm inner diameter
and an overall length 1.5 m. The second series of
results examine the in¯uence of the bubble size and the
liquid temperature gradient on bubble collapse. While

the problem described here involves heat and mass

transfer occurring simultaneously, for clarity the next
few paragraphs will focus on the mass transfer aspects,
followed by the heat transfer aspects.

Fig. 3 uses the ammonia concentration ®eld and the
bubble wall motion to determine an average mass
transfer coe�cient over the bubble surface, throughout

the bubble life span. Fig. 3 shows a comparison of the
bubble average mass transfer coe�cient calculated
with the model at a particular point in time and space,
and the value calculated with the following semi-

empirical correlation (p. 184 of [4]):

Sh � 1:13 � Pe1=2m �23�

The average mass transfer coe�cient for species A
over the bubble interface was calculated using Eq.

(24).

�hm �
�p
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ÿDAB
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@r

����
itf

�rA

r
ÿ
ur, itf ÿ _a

�
�oitf ÿ obulk � sin y dy, �24�

where the ®rst term in the numerator represents the
di�usive mass ¯ux inside the surrounding liquid con-
centration ®eld and the second term represents convec-

tive mass ¯ux resulting from bubble collapse.
As shown in Fig. 3, the model prediction follows the

semi-empirical correlation over most of the bubble life

span. Over the entire bubble life span, the average
mass transfer coe�cient predicted by the model and
semi-empirical correlation are 1.45eÿ3 and 1.35eÿ3 m/

s, respectively, a 7% di�erence.
Looking at Fig. 3 there can be seen several distinct

stages to the absorption process. During the initial
stages, the model predicts an abrupt spike in the aver-

age mass transfer coe�cient. From 1 0.0±0.02 s, the
interface temperature is only slightly a�ected by the
heat removal process (Fig. 4). As the bubble continues

its ascent, the surrounding decrease in bulk liquid tem-
perature begins to impact the bubble interface tem-
perature and concentration more signi®cantly,

increasing the mass transfer driving potential from the
interface to the bulk. After passing an initial maximum
at 0.05 s, the mass transfer coe�cient moves towards a

Table 2

Typical bubble absorber inlet conditions

Item Vapor Liquid

Bubble radius (m) 1.855eÿ3 ±

Liquid temperature gradient �D8C/m) ± 62.0

Temperature (8C) 127 127

Ammonia mass fraction 0.95 0.08

Pressure (kPa) 503 503

Flow rate (g/s) 0.91 4.0
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Fig. 3. Average mass transfer coe�cient versus time, model prediction and semi-empirical correlation, Eq. (23).

Fig. 4. Dimensionless interface and bulk temperature.
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local equilibrium value of nearly 1.25eÿ3 m/s, lasting
for about 50% of the bubble life span. During this
time, the rate of bubble mass removal is nearly con-

stant (Fig. 5). In the last quarter of the bubble life
span, while the bubble is slowing down, the rate of
change of bubble diameter is increasing and the mass
transfer coe�cient reaches its second and ®nal maxi-

mum at the time of bubble collapse, 0.42 s.
By taking a step closer and examining the behavior

of each component in the binary system, the model

reveals several fascinating illustrations. Fig. 6 shows,
qualitatively, the directions of mass transfer during col-

lapse resulting from di�usion and convection. Using
the model, if we sum the values of each ¯ux vector of
each component, the net e�ect is mass removal of

ammonia and water from the bubble (Fig. 7). Fig. 8
shows the convective and the di�usive mass transfer
for ammonia (Eq. (13)). It also illustrates some
instability with the numerical method chosen here.

Fig. 9 shows the convective and di�usive mass transfer
for water (Eq. (14)). To remove water, the absorbate,
from the bubble core, water counter-di�usion is o�-set

by the water convection resulting from the bubble
interface collapse.
As each molecule of ammonia or water travels from

the vapor core to the bubble interface, energy is
released as these molecules are condensed and mixed
in the surrounding liquid solution. A net release of

energy acts to increase the interface temperature and
reduce the interface concentration, extending the
bubble life span. Unfortunately for the bubble, the
liquid surrounding it cools the bubble wall, increasing

the interface concentration and accelerating the demise
of the bubble. In an attempt to predict this dynamic
heat transfer process, Eq. (23) was modi®ed for a heat

transfer process; the Pem is replaced with the heat
transfer Peclet number, Pe:

Nu � 1:13 � Pe1=2: �25�

Fig. 10 shows a comparison of the bubble average heat
transfer coe�cient along the bubble ascent calculated

Fig. 5. Dimensionless bubble diameter and bubble mass versus bubble residence time.

Fig. 6. Mass transfer ¯ux vectors for each component during

bubble life span.
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Fig. 7. Net ammonia and water mass transfer per time step over the bubble life span (time step is 0.1 ms).

Fig. 8. Ammonia mass transfer per time step over the bubble life span (time step is 0.1 ms).
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Fig. 9. Water mass transfer per time step over the bubble life span (time step is 0.1 ms).

Fig. 10. Average heat transfer coe�cient versus time, model prediction compared and semi-empirical correlation, Eq. (25).
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with the model and the value calculated with Eq. (25).
The average heat transfer coe�cient found with the

model was calculated using Eq. (26). The ®rst term in
the numerator represents di�usion of heat from the
bubble interface into the surrounding subcooled liquid

and the second term represents convection of heat for
each species due to the bubble collapse.

�h �
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ÿk1 @T
@ r

����
itf

�
XI
i

ri
ÿ
ur, itf ÿ _a

�
hf, i�Titf �

�Titf ÿ Tbulk � sin y dy

�26�
The average heat transfer coe�cient over the bubble
life span predicted by the model is 16,700 W/m2/K
compared with 17,500 W/m2/K from Eq. (25), only a

4.5% di�erence.
Having shown that the model provides reasonable

predictions to binary bubble collapse behavior, let us

examine two parameters that can be changed within
typical bubble absorbers: the inlet injection port size and
the rate a which the subcooled liquid is cooled (Fig. 1).

Fig. 11 shows that the approximate bubble collapse
time (time required to reach 10% of the original
bubble mass) changes linearly with initial bubble
radius. All the other parameters shown in Table 2 are

assumed held constant. In the range of conditions
modeled here, Fig. 11 shows that the rate of mass
absorption increases with the square of the radius,

since the volume or mass increases with the cube of
radius and the time of collapse increases linearly with
radius. However, while larger bubbles do, in general,

rise more quickly, increasing the mass transfer Peclet
number, coalescence among many bubbles may reduce
absorption rates by eliminating the e�ective mass

transfer surface area.
The rate of heat removal from the surrounding sub-

cooled liquid can also be altered. Fig. 12 shows the
e�ect of changing the subcooled liquid temperature

gradient along the z-direction, the direction along the
bubble ascent (Fig. 2). Cooling the liquid more rapidly
surrounding a collapsing bubble decreases the collapse

time. Fig. 12 also shows that after a liquid temperature
gradient of about 90 C/m, the rate of collapse begins
to plateau. Picking the optimum cooling rate would

require a global look at the entire absorption cycle. In
an actual absorber, if heat is removed too rapidly, sig-
ni®cant subcooling can occur, seriously reducing the

overall cycle e�ciency.

4. Conclusion

The behavior of single bubble collapse with substan-
tial thermal e�ects has been modeled. Beginning with

species conservation, energy conservation, and several
boundary conditions based on actual bubble absorp-
tion testing, the mathematical problem of bubble col-

lapse was solved using a ®nite di�erence approach.
The model appears to predict bubble collapse accu-

rately. Looking at the overall bubble heat and mass

transfer during collapse, the model matched simple
semi-empirical equations closely. Further experimental
measurements with actual binary bubbles in subcooled
liquid solutions are needed to con®rm if both

approaches are accurate.
It was also shown that the counter-di�usion of the

absorbate towards the bubble, which acts to preserve

bubble size, is o�-set completely by convective mass
transfer arising from bubble interface motion.
By examining two bubble absorber design issues it

was shown that bubble collapse rates increase pro-
portional to the radius squared (for bubbles diameters
1.8±5.6 mm). Increase in the subcooled liquid tempera-

Fig. 12. Approximate bubble collapse time versus liquid tem-

perature gradient along bubble ascent.

Fig. 11. Approximate bubble collapse time versus bubble

radius.
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ture gradient increased bubble collapse rates, to a
point. At an 190 C/m temperature gradient along the

length of the bubble's ascent, improvements in bubble
collapse rates plateau.
While this paper has attempted to give insight into

the inner dynamics of bubble absorption in binary sol-
utions, there are two important elements this model
does not take into account: the e�ect of bubble

swarms, and the impact of bubble absorber design
changes on overall absorption cycle performance. To
e�ectively design bubble absorbers for absorption

chillers, future work should focus in three areas: (1)
single bubble basic experiments to con®rm and
improve model predictive capabilities, (2) model devel-
opment and experimental con®rmation of bubble

swarms, and (3) the integration of an accurate bubble
swarm model with an equally accurate absorption
cycle model.
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